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Abstract 

We produce an integral model for the modular curve X{Np n ) over the ring of integers 
of a sufficiently ramified extension of Z p whose special fiber is a semistable curve in the 
sense that its only singularities are normal crossings. This is done by constructing a 
semistable covering (in the sense of Coleman) of the supersingular part of X{Np n ) in a 
manner compatible with the transition maps. By "nonabelian Lubin-Tate theory", the 
cohomology of the tower X(Np n ) realizes the local Langlands and Jacquet-Langlands 
correspondences for GL^Qp); we tie together nonabelian Lubin-Tate theory to the 
representation-theoretic point of view afforded by Bushnell-Kutzko types. Our work 
also applies to the Lubin-Tate tower of curves for a local field of positive characteristic, 
so that one obtains stable models for Drinfeld modular curves as well. 

1. Introduction: The Lubin-Tate tower of curves 

Let F be a non-archimedean local field with uniformizer n. The Lubin-Tate tower is a projective 
system X(ir n ) of rigid-analytic deformation spaces with vr^-level structure of a one-dimensional 
formal 0i?-module of height h over the residue field of F. (For precise definitions, see $3.1\ for a 
comprehensive historical overview of Lubin-Tate spaces, see the introduction to [Str08aJ.) After 
extending scalars to a separable closure of F, the Lubin-Tate tower admits an action of the triple 
product group GL^(i ? ) x B x x Wf, where B/F is the central division algebra of invariant 1/h, 
and Wf is the Weil group of F. Significantly, the ^-adic etale cohomology of the Lubin-Tate tower 
realizes both the Jacquet-Langlands correspondence (between GL/ l (i ? ) and B x ) and the local 
Langlands correspondence (between GL/ l (F) and Wf)- When h = 1, this statement reduces 
to classical Lubin-Tate theory [LT65J. For h = 2 the result was proved by Carayol (|Car83j, 
|Car86j ). who conjectured the general phenomenon under the name "non-abelian Lubin-Tate 
theory". Non-abelian Lubin-Tate theory was established for all h by Boyer |Boy99| for F of 
positive characteristic and by Harris- Taylor [HTOT] for p-adic F. In both cases, the result is 
established by embedding F into a global field and appealing to results from the theory of 
Shimura varieties or Drinfeld modular varieties. 

In this paper we focus on the case h = 2. In the case where F = Q p for an odd prime p, or 
when F has odd positive characteristic, we construct a compatible family of semistable models 
3£{ix n ) for each X(iT n ) over the ring of integers of a sufficiently ramified extension L n /F. For 
our purposes this means that 2J{it n ) is a formal scheme over Ol„ whose generic fiber is X(7r n ) 
and whose special fiber is a locally finitely presented scheme of relative dimension 1 over the 
residue field of L n with only ordinary double points as singularities. This allows us to compute 
the cohomology of the Lubin-Tate tower of curves (along with the action of the three relevant 
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groups) by means of the weight spectral sequence; we therefore recover Carayol's result in a 
purely local manner. 

The study of semistable models for modular curves begins with the Deligne-Rapoport model 
for Xo(Np) in [DR73] . A semistable model for Xo(Np 2 ) was constructed by Edixhoven in [Edi90j. 
A stable model for X(p) was constructed by Bouw and Wewers in [BW04J. Most recently, a 
stable model for Xo(Np^) was constructed by Coleman and McMurdy in [CM10] . using the 
notion of semistable coverings of a rigid-analytic curve by "basic wide opens" . The special hber 
of their model is a union of Igusa curves together which are linked at each supersingular point of 
Xq(N) ® Fp C by a peculiar configuration of projective curves over F^ c , including in every case a 
number of copies of the curve with affine model y 2 = x p — x. In each of these cases the interesting 
part of the special fiber of the modular curve is the supersingular locus. Inasmuch a Lubin-Tate 
curve (for F = Q p ) appears as the rigid space attached to the p-adic completion of a modular 
curve at one of its mod p supersingular points, the problem of finding a semistable model for a 
modular curve is essentially the same as finding one for the corresponding Lubin-Tate curve. In 
this sense our result subsumes the foregoing results. 

We now summarize our main result. Let F be either the field Q p with p odd, or else the field 
of Laurent series F q ((vr)) with q odd. In either case, let ir be a uniformizer of F, and let k = F q 
be its residue field. 

Theorem 1.1. For each n ^ 1, there is a finite extension L n /F nr for which X(ir n ) admits a 
semistable model 3ts(ir n ); every connected component of the special hber of ^(ir™) admits a 
purely inseparable morphism to one of the following smooth projective curves over fc ac : 

(i) The projective line P 1 , 

(ii) The curve with affine model xy q — x q y = 1, 

(iii) The curve with affine model y q + y = x q+1 , 

(iv) The curve with affine model y q — y = x 2 . 

Remark 1.2. The mere existence of a semistable model of X(-7r n ) (after passing to a finite 
extension of the field of scalars) follows from the corresponding theorem about proper (algebraic) 
curves. The rigid curve X{-n n ) is not proper, but it can be embedded into a proper curve (e.g., 
the appropriate global modular curve) , and a semistable covering of the proper curve restricts to 
a semistable covering of X(-7r n ). The content of the theorem is the assertion about the equations 
for the list of curves appearing therein. A semistable model is unique up to blowing up, so the 
above theorem holds for all semistable models of X(7r n ) if it holds for one of them. 

Remark 1.3. The equations for the curves appearing in Thm. [TTT1 were known by S. Wewers to 
appear in the stable reduction of £{i: n ) (unpublished work). 

The content of the paper goes far beyond the statement of Thm. fTTTl We devote the remainder 
of this introduction to explaining some other features of our semistable model SC "(vr n ). 

1.1 A semistable model for a tower of curves 

Rather than focusing on any particular level along the Lubin-Tate tower, we construct a semistable 
model of the entire projective system of curves at once. This technique is discussed in ^2.41 for a 
general tower of rigid curves admitting an action of a locally compact group G. In brief, a tower 
of curves X is a collection of rigid curves X(K) indexed by the compact open subgroups K C G, 
together with quotient maps X(K') — > X(K) for every inclusion K' C K. A semistable cover £ 
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of X is a family of wide opens, each belonging to some level X(K) of the tower, which satisfy 
a list of axioms. The wide opens are indexed by the vertices of a directed graph T; two vertices 
are adjacent if and only if the corresponding wide opens have preimages in some X{K) which 
intersect. The axioms required are such that for each K one can use the wide opens to produce 
a semistable covering (£k of X(K). This semistable covering induces a formal model J%~(K) of 
X{K). 

The semistable coverings £k are compatible as one moves up the tower; if K' C K, the 
quotient map X(K') — > X(K) extends to a finite morphism 5£{K'} — > 3£{tC) of formal models. 
In particular one gets a finite morphism 3£{K ,S ) — > 3£{K). One can ask about the projective 
limit of the reductions {K) . Here one has no control in general over the behavior of irreducible 
components as one goes up the tower. Indeed one can imagine a scenario in which there is a 
descending chain K n of open compact subgroups of G, and a chain • • • — > C n+ \ — > C n — > . . . 
of irreducible components C n of &(K n ), for which the genus of C n increases without bound. 
However, in the case of the Lubin-Tate tower of curves, something rather miraculous happens: 
no matter how the chain {C n } is chosen, the morphisms C n +i — > C n are purely inseparable for 
n large enough. As a result the genus of C n is bounded in any such chain, and the induced maps 
between etale cohomology groups H l (C n , Qe) become isomorphisms for n large enough. 

One arrives at a convenient combinatorial picture for the reduction of the Lubin-Tate tower in 
terms of a labeled graph. An "irreducible component" C of the reduction is a chain {C n } as above. 
The "dual graph" of the semistable reduction has one vertex for each connected component; there 
is an obvious notion of adjacency between vertices. The resulting dual graph has as uncountably 
many connected components; one connected component is displayed in §6.41 

In theory one could draw a picture of the stable reduction of any particular X(-7r n ) by forming 
the quotient of the pictures described in £ 16.41 by the group 1 + 7r n M2(0_p)- However, doing this 
destroys the symmetry of the picture and adds unnecessary complexity even for n = 2. 

1.2 The role of Bushnell-Kutzko types 

The theory of types for GL2(-F) plays an indispensable role in our work. This theory, devel- 
oped in broad generality by Bushnell-Kutzko in [BK93], furnishes an explicit parametrization 
of the supercuspidal representations of GLh(F) by characters of finite-dimensional subgroups. 
There is a similar parametrization of the smooth irreducible representations of the multiplicative 
group of a central division algebra of dimension h 2 over F, see |Bro95j . In certain cases it is 
known how to align the two parametrizations according to the Jacquet-Langlands correspon- 
dence, see |Hen93| . |BH05a| . [BH(15b| . 

The reduction of our semistable model of the Lubin-Tate tower is the union of closed sub- 
schemes C, each of which is a nonsingular (possibly disconnected) projective curve over the 
algebraic closure of the residue field of F. The stabilizer of any particular C in GL2(-F) x B x is 
an open compact-mod-center subgroup of the form E X C X , where E C M2(F) x B is a quadratic 
extension field of F and C C M2{F) x B is a certain O^-order. The family of orders £ was in- 
vestigated in [WeilOj, where they were called "linking orders"; we find that the representation of 
E x C x on H l {C, Qi) encodes the theory of types for GL2(i ? ) and B x simultaneously, in the sense 
that the representation of GL2(i ? ) x B x induced from H l {C, Q^) realizes the Jacquet-Langlands 
correspondence for those supercuspidal representations of GL2(-F) containing a certain class of 
simple strata corresponding to the choice of C. We therefore settle a question of Harris [Har02j on 
whether there exist analytic subspaces of the Lubin-Tate tower which realize the Bushnell-Kutzko 
types in their cohomology, at least in the case of GL2. 
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1.3 Action of the Weil group 

The reduction of our semistable model admits a fc ac -semilinear action of the Weil group Wf- A 
study of this action leads one to the notion of a "combinatorial local Langlands correspondence" , 
whereby the components of the reduction, each nothing more than a smooth projective curve 
over fc ac , realize the local Langlands correspondence in their H 1 . This would give a purely local 
proof of non-abelian Lubin-Tate theory in the case of GL2. We do not specify the action of Wf 
on the reduction here; rather we provide the details in the preprint [Weiaj . The higher genus 
curves C appearing in the statement of Thm. 11.11 all have the property that the eigenvalues of 
Frobenius on their H 1 (over whatever base) are all powers of q up to multiplication by a root of 
unity. The eigenvalues of Frobenius of these C are always Gauss sums. 

For F of odd characteristic, one can give a complete classification of (1) irreducible Langlands 
parameters Wf — > GL2(C) and (2) supercuspidal representations of GL^-F 1 ) by means of ad- 
missible pairs (E/F,x)- However the translation between (1) and (2) is not the local Langlands 
correspondence; the discrepancy is measured by a character of E x (see [BH05a] , [BH05bj). We 
find that the discrepancy is manifested exactly in the eigenvalues of Frobenius on the curves C 
as above. 

We strongly believe that the Lubin-Tate tower for GL n contains analytic subspaces (specif- 
ically, affinoids with good reduction) which realize the local Langlands correspondence in their 
cohomology. For partial results in this direction, see |Weib| . 

1.4 Notational conventions 

We reserve use of the overline ("C") for the operation of passing to the special fiber. If F is a 
field, then F sep and F ac denote the separable and algebraic closures of F, respectively. If E is 
a nonarchimedean local field then pE is its maximal ideal and fcg is its residue field. The letter 
i shall always denote a prime unequal to the characteristic of whatever geometric objects are 
nearby. 

2. Stable reduction of a tower of curves: Generalities 

2.1 Formal coverings and reductions 

A rigid-analytic variety X admits no canonical reduction. Instead one has the notion of a reduc- 
tion of X relative to a formal covering; this is a means of extending X to a formal scheme. We 
review these concepts from [BL85J. 

Let U be an affinoid variety. An admissible open affinoid subvariety V C U is a formal 
subdomain if V is the inverse image of an open affine subset of U under the reduction map 
U —> U. Now let X be a rigid-analytic variety. An admissible open affinoid covering 11 = {Ui} iGl 
is a formal covering if, for each i,j £ /, the intersection Ui n Uj is a finite union of formal 
subdomains of U. 

Given a formal covering il = {U} of X, one forms the reduction X^ as follows. Let 7Tj : Ui — > 
Ui be the reduction map. Then X& is formed by gluing together the varieties Ui along the 
isomorphisms ir^UiHUj) = TTj(Ui C\Uj). 

2.2 Semistable reduction of curves 

We review the notion of semistable model for algebraic curves. 

Definition 2.1. Let F be a nonarchimedean local field, and let X/F be a smooth proper curve. 
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A semistable model for X is a proper fiat morphism X — > SpecOi? whose generic fiber is X and 
whose geometric special fiber has at worst ordinary double points as singularities. A semistable 
model X is stable if in addition every rational component of the special fiber meets at least 3 
other components. 

Remark 2.2. Note that we do not require that X be a regular scheme. Nor do we require that 
X be of finite type. For instance, if X = P F then we can construct a semistable model X over 
Op by performing infinitely many blow-ups on P^; then the special fiber of X will be an infinite 
union of rational components. 

Now suppose F is discretely valued, with perfect residue field k. Write 5 = Spec Of, S sep = 
SpecCjrscp, r\ = SpecF, r/ sep = SpecF sep , s = Spec/c, s ac = Spec/c ac . Suppose X is a semistable 
model of X; let X s *c = X Xs pec c> F s ac - The dual graph of X s ^ has a vertex for each irreducible 
component of X s *c and an edge joining each pair of vertices whose corresponding components 
meet in X s ac. 

The etale cohomology i? (X„se P , Q^) is a finite-dimensional Q^-vector space admitting an 
action of Gal(F se P/F). The group Gal(F scp /F) also acts on H l (X s ^, Q t ) and H 1 ^, Q t ) through 
the quotient Gal(fc ac /k). (Here Hi(T, Q^) is the cohomology of the simplicial complex T.) 

Theorem 2.3. There is an exact sequence of Qi [Gal (F sep / F)]-modules 

0^ H\X s »c,Q e ) -m^rrt^Qt) ^ H\T,Q e )(-l) ^0 

Proof. We follow the argument in [11194] . §3. There the model X is required to be a regular 
scheme, so that etale locally around each singular point of X s a.c it is isomorphic to Of[x, y]/(xy — 
ir). For the purposes of proving the theorem, we may replace X with a suitable blow-up which is 
regular. Indeed, blowing up will only alter X s &c by adding new rational components; the graph 
r remains the same up to homotopy equivalence. Let Yi, i 6 / be the irreducible components of 

ZJ^L/ Q aC a 

Write A for the constant sheaf on X s ^ . The complex of vanishing cycles on X s ^ is defined 
for p by 

where i : X s a,c Xs^ and j : X^so P ^ Xs^p are the natural inclusions. The vanishing cycle 
complex is completely evaluated for semistable schemes X in [11194], Theoreme 3.2(c). They are: 

R°V(A) = A 
R^(A)(1) = M 
p 

R P ^(A) = /\*(A), p > 2 

Here Ay { is the push-forward of the constant sheaf under Yi > X s ^. 

In our case, where X is a curve, we have that i? 1 ^'(A) is the skyscraper sheaf supported on 
the singular points of X s ^, with stalk at each such point. We have R p ^f(A) = for p ^ 2. 

Since X — > SpecCj? is proper we have 

HP(X s ^,R q ^(A)) = HP(X s *c,i*R«j*(A)) HP(X,Rij*(A)). 
The Leray spectral sequence for j is therefore: 

= HP(X s ™,R q y(A)) => H p+<1 (X v ,c,Q e ) 
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The terms E^ q vanish for min(p, q) ^ 3, so that the spectral sequence degenerates on page 3. 
We find that H l (X v se P , Q^) admits a filtration with quotients E^'° = E^ and E®' 1 = ke^E 1 ^' 1 — ^ 
El fi ). We have E% Q = H 1 Qt) by definition. We also have E®' 1 = H°(^, R^A)) ^ 

C^r, Q*)(-l) and E^' = H 2 (^ s ,c,Q e ) ^ C°(r, Q € ), where C*(T, Q/) is the space of i-cochains 
in r with coefficients in Q^. The result follows. □ 

2.3 Wide opens and semistable coverings 

The following notions are taken from [Col03j. 

Definition 2.4. A wide open (curve) is a rigid analytic space conformal to C — D, where C is 
a smooth complete curve and D C C is a finite disjoint union of closed disks. Each connected 
component of C is required to contain at least one disk from D. 

If W is a wide open, an underlying affinoid Z C W is an affinoid subdomain for which W\Z is 
a finite disjoint union of annuli XJ{. It is required that no annulus XJ% be contained in any affinoid 
subdomain of W. 

An end of W is an element of the inverse limit of the set of connected components of W\Z, 
where Z ranges over affinoid subdomains of W. 

Finally, W is basic if it has an underlying affinoid Z whose reduction Z is a semistable curve 
over k. 

We adapt the definition of semistable covering in [Col03], §2, which only applies to coverings 
of proper curves. Our intention is to construct semistable coverings of the spaces X(7r n ), which 
are wide open curves. Therefore we define: 

Definition 2.5. Let W be a wide open curve over a nonarchimedean field F. A semistable 
covering of W is an admissible covering T> of W by connected wide opens satisfying the following 
axioms: 

(i) If U, V are distinct wide opens in T>, then U n V is a disjoint union of finitely many open 
annuli. 

(ii) No three wide opens in T> intersect simultaneously. 

(iii) For each U G T>, if 

Zu = U\\ IJ F )> 

then Z[/ is a non-empty affinoid whose reduction is nonsingular. 
In particular U is a basic wide open and Z\j is an underlying affinoid of U. 

Suppose T> is a semistable covering of a wide open W. For each J7 G V, let A (IT) be the 
ring of analytic functions on U of norm ^ 1, and let Xjj = Spf A°(U). Similarly if U, V £ T> 
are overlapping wide opens, similarly define Xjj n v = Spf A (U n V). Let W denote the formal 
scheme over Op obtained by gluing the Xjj together along the maps 

X\jy -4 Xu ]J Xy. 

Then W has generic fiber W. The special fiber W s of is a scheme whose geometrically connected 

— cl — 
components are exactly the nonsingular projective curves Zy with affine model Zjj\ the curves 
— cl — cl 

Zy and Zy intersect exactly when U and V do. 
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Example 2.6. Note that T> will in general not be finite. Suppose W is the wide open disc 
SpFjuJ over an algebraically closed field F; let ir G F x be such that < |vr] < 1. We construct 
a semistable covering T> = {U n } of W indexed by integers n ^ 0. First let Uq = {\z\ < Ivr 1 / 2 ]}, 

and for n ^ 1 let U n = |7r| ly/ "' < \z\ < |-7r| 1 ^ n+2 ^|. Then Zu is the closed disk {\z\ ^ |7r|} and 

for n ^ 1, Zjj n is the "circle" {\z\ = l/(n + 1)}. The resulting formal scheme W has special fiber 
which is an infinite union of rational components; the dual graph T is a ray. 

Let C be the rigidification of a smooth complete curve, let D C C be a disjoint union of closed 
discs, and let W = C\D. A semistable covering of W yields a semistable covering of C (in the 
sense of [Col03j) by the following procedure. Let T> be a semistable covering of W corresponding 
to the formal model W . Let T be the dual graph attached to the special fiber of W. There are 
bijections among the following three sets: 

(i) ends of W, 

(ii) ends of T, and 

(iii) connected components of D. 

Suppose v\,V2, ■ ■ ■ is a ray in T corresponding to the wide opens Ui, U2, • • • C W. Then there 
exists N > such that for all % ^ N, Ui is an open annulus. If Dq C D is the connected 
component corresponding to the ray v\, V2, ■ ■ ■ , then (possibly after enlarging N) D$ U Ui>A 
is an open disc, which intersects t/jv-i m an open annulus. Repeating this process for all ends 
of T yields a semistable covering of C by finitely many wide opens. Let ^ — > Spec Of be the 
associated semistable model of C. 

The following proposition shows how a semistable covering of a wide open curve W can be 
used to compute the compactly supported cohomology H^{W ® F sep , Q^). 

Proposition 2.7. Let C, D, W, V, and W be as above. Let Yi (i 6 I) be the set of non-rational 
geometrically connected components of the special fiber of W , so that each Yi is a nonsingular 
projective curve of genus ^ 1 . 

(i) There is a diagram 



H l (T,Q e ) 

Qi) H l {C r „ Qi) H^T, Q/)(-l) 

8 i 5 1 (l r i I Q/) 


wiiere the row and column are both exact. 

(ii) Let Ends(r) be the set of ends of the dual graph T, and let £(T, Qi) be the Qi-vector space 
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with basis Ends(r). There is an exact sequence 

H°{T, Qt) — S(T, Q e ) H l c {W ® F^, Q,) H l {C^ P , Q e ) 

Proof. The horizontal sequence in the diagram in (1) is from Thm. 12.31 As for the vertical 
sequence: let r: ^f a — > be the normalization, so that ^ is a disjoint union of nonsingular 
projective curves, containing the Y{ possibly along with some rational components. Consider the 
exact sequence of sheaves on 

-> Q e ^ r*r*Qe -> Q -> 0, 

where the quotient Q is supported only on the singular points x £ at which the stalk is 
one-dimensional. Part of the long exact sequence in cohomology reads 

H°{%, r*r*Q e ) H°{%, Q) H l {tf s , Q e ) H\V a , nr*Q e ) H 1 ^, Q) 

C°(r, Q t ) C\T, Q e ) H\%, Q e ) ie/ H l (Y, Q e ) 0, 

thus completing the diagram in part (1). 

Part (2) follows directly from the long exact sequence in compactly supported cohomology 
for the pair (C, D). Note that H°(D, Qe) = Q^EndsfT)]. □ 

2.4 Towers of curves 

Let G be a locally profinite group {e.g., GL^-F)). 

Definition 2.8. A G-tower of rigid curves X consists of the following data: 

(i) A system X{K) of rigid curves indexed by the compact open subgroups K C G, together 
with 

(ii) Etale morphisms 4> g : X{K') — > X{K) whenever K, K' C G are two subgroups with g~ 1 K'g C 
K; the <p g are compatible in the obvious sense. When K ' C K is a normal subgroup, there is 
consequently an action of K/K' on X{K'). We require that X{K') — > X{K) be the quotient 
of X{K') by K/K'. 

Definition 2.9. A dendritic filtration of G is a G-equivariant directed cycle-free graph T on a 
vertex set V. To each vertex v G V there is an associated compact open subgroup K v C G. The 
following properties must be satisfied: 

(i) The association v i— > K v is compatible with the action of G in the sense that K gv = gK v g~ l 
for each g € G. 

(ii) When v,w € V are adjacent vertices with v — > w, then K w C K v is a proper normal 
subgroup. 

(iii) Suppose V\ — >■ V2 — > • • • is an infinite directed path in T. Then Hn^i ^v„ = !• 

For vertices w, iu € V, we write v ^ w if v and it; can be joined in T by a directed path 
i) — > «i u n — >• u with Uj — > for i = 1, . . . , n — 1. Naturally, v -< w means v ■< w and 

v 7^ w. 

Whenever v ^ w, write for the composition 

X{K W ) -> X(i^J -> 
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where v —> V\ —>••••—> v n — >• w is the (unique) path joining v to w inT. 

We consider families of pairs (W v , Z v ) indexed by v S V, where W v C X(K V ) is a wide open 
and Z v C W„ is an underlying affinoid. For each v, let U v = W V \Z V , so that U v is a disjoint 
union of annuli. 

Definition 2.10. Let X be a G-tower of wide open rigid curves, and let T be a dendritic filtration 
for G as in Defn. 12.91 A semistable covering of X with respect to T consists of the following data: 

(i) For every vertex v of T, a wide open W v C X(K V ), and 

(ii) For every vertex v and every edge e incident to v (in either direction), a disjoint union of 
open annuli U v>e C W„. 

These data must satisfy the following requirements: 

(SCO) (G-equivariance) For each g € G, each vertex v, and each edge e incident to v, the pair 

(Wg V ,Ug V i9 e) is the image of (W„, f7„,e) under the isomorphism X(K V ) X{K gv ). 
(SCI) (Compatibility under edge maps) For each edge e: v — > w, we have 

'Pv.w (Uw,e) — U v<e . 

(SC2) (Each W v is a basic wide open.) For every vertex v of T, let Z v C W v be obtained by 
removing the annuli U v e for each edge e incident to v. 

z v = w v \f\u v>e . 

e 

Then Z v C W v is an underlying affinoid, and the reduction Z v is geometrically connected 
and nonsingular. In particular W v is a basic wide open. 

(SC3) (Persistence of basic wide opens under inverse images) For every pair of vertices v, w with 
v -< w, and every edge e incident to v, the inverse image (j>y\j(Uv,e) C X(K V ) is a disjoint 
union of open annuli. Furthermore, the inverse image ^vwi^v) is an affinoid with good 
reduction. Therefore <fiv,w(W v ) is a basic wide open with underlying affinoid </>~^(Z„). 

(SC4) (The W v really do cover X, with the appropriate intersections) For any point y € X, exactly 
one of the two following conditions holds: 

(a) There exists a unique vertex v such that the image of y in X(K V ) lies in Z v . 

(b) There exists a unique edge e: v — > w such that the image of y in X(K V ) lies in U v>e . 

If a semistable covering of the G-tower X is given as above, then we may construct a semistable 
covering of X(K) (in the sense of §2.5p for any K C G compact open; the wide opens which 
cover X(if) will be indexed by vertices in the quotient graph K\G. 

The construction runs as follows. For each vertex v, choose a vertex w >z v for which K w C 
K. (Such a vertex w exists by condition (3) in Defn. 12.91 ) By condition (SC3), the preimage 
<fivw(W v ) is a basic wide open in X(K W ). Let Wkv be the image of <fivw(W v ) under the map 
X(K W ) — > X(K); then Wkv C X(K) is a wide open which only depends on the coset Kv in 
K\T. (In particular it does not depend on the choice of vertex w.) 

Proposition 2.11. The wide opens Wkv, where Kv runs through vertices of the quotient graph 
K\T, constitute a semistable covering of X(K). 

Proof. Our first claim is that for distinct vertices Kv, Kw of K\T, Wkv and Wkw intersect if 
and only if Kv and Kw are adjacent in K\T. But this follows directly from condition (SC4). 
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Since K\T has no cycles, no three distinct vertices could be pairwise adjacent, and this shows 
that no three distinct wide opens in our covering have nonempty intersection. 

Suppose Kv and Kw are joined by an edge Ke of K\T. After renaming v and w we may 
assume e: v — > w is an edge of Y. Let w' >z w be large enough so that K w > C K w ; then by our 
definitions, Wkv H Wkw is the image of ^,(C/„, e ) under X^/) By condition (SC3), 

<f)~]^,(U v , e ) is an open annulus. Therefore Wkv H is also an open annulus, c.f. Lemma 1.4 

of ' [Colli] . 

Finally, for each vertex Kv in iT\r, consider the complement 

Z K v = W Kv \ [J Wk«, 

where the intersection runs over all vertices of K\T other than K v . Let w y v be large enough 
so that K w C K; then by (SC4), is exactly the image of </>~^(Z„) under X(K W ) — > X(K). 
By (SC2) or (SC3) (as w = u or not, respectively), has good reduction. By Prop. 1.5 

of [Col03j, Zft^ has good reduction as well. □ 

The reduction of X(K) with respect to il will be denoted X(K)u. 

Definition 2.12. The semistable covering il is coherent if the following condition holds: For 
every pair of vertices v -< w, and every connected component Z v ^ w of ^^(Zy), the morphism 
Z v>w — > Z v is purely inseparable. 

For each vertex v in V, let v = vq — >■ v 1 — >■ . . . be a ray in T, and for each n ^ 1 let Zy !n be a 
any connected component of 4>~ Vn (Z v ); do this in such a way that the image of Z v ^ n+ \ in ^(JC^) 
is Z v n . Then each map Z vn +\ — > Z v ^ n is purely inseparable. Let H v C K v be the stabilizer in G 
of the tower • • • — > Z W) i — >• Z^o = Z„. 

Also let 

£(r,Q,) = hm£:(^\r,Q £ ), 

where the limit is taken over compact open subgroups K C G. That is, £(T, Q/) is the space 
of Q^- valued functions on the (possibly infinite) set Ends(r) which are "smooth"; i.e. which are 
if -invariant for some compact open K C G. 

The semistable coverings of X(K) provided by Prop. [27TTI have contractible dual graphs. By 
Prop. 12.71 we can compute the cohomology of the tower X in terms of the components Z v : 

Proposition 2.13. There is an exact sequence of G-modules 

-> H°(T, Q,) -> £(T, Q t ) -> UmiT^X^), Q € ) -> 01ndg„ Resj£ H 1 (Z^, Q e ) -> 

3. The Lubin-Tate tower of curves 
3.1 Moduli of one-dimensional formal modules 

Let -F be a nonarchimedean field with ring of integers Of, uniformizer ir, and residue field k = F q . 
Let E be a one-dimensional formal O^-module over /c ac of height 2. Let C be the category of 
complete local Noetherian O^-algebras with residue field /c ac . We consider the moduli problem 
^(°) which associates to each R € C the set of isomorphism classes of deformations of S. A 
deformation of S to R is a pair (J£", t), where & is a formal Oi?-module over i? and i : S^>^(8)RA; ac 
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is an isomorphism. An isomorphism between pairs (JF, l) and (J^', l') is an isomorphism of formal 
0i?-modules /: J^" — > & which interlaces l with t 1 . 

By |Dri74j . Prop. 4.2, the functor ^#( ^ is represented by the formal scheme Spf A, where 
A is (noncanonically) isomorphic to the power series ring O^J-u]] in one variable. Let ^ umv be 
the universal one-dimensional formal module over A. Then if A G C has maximal ideal M , then 
isomorphism classes of deformations of E to A are given exactly by specializing u to an element 
of M in J? univ . 



3.2 Heights and quasi-isogenies 

Let R G C. An isogeny t: — > J^' between formal 0F-modules over i? has F-height height^(i) = 
h if ker i is a group scheme over R of rank q h . If a £ C_p is nonzero, then the isogeny [a]: — > 
has height 2wi?(a), where i>ir is the usual valuation on F. 

It will be convenient to expand the moduli problem of M3.ll to include pairs (J^, l), where l is 
not necessarily an isogeny but only a quasi-isogeny, which means that 

i G Honifeac (S, & ® fc ac ) (g>o F F 

and that ir r l is a (true) isogeny T, — > /c ac for some r G Z. The F-height of t is then defined 
to be height F (7r r i) — 2r. 

Let ^# be the moduli problem which classifies pairs where t is a quasi-isogeny. For 

h G Z let be the sub-problem which classifies pairs (jF, t) for which the quasi-isogeny i has 

height /i. Then 

hez 

3.3 Action of the division algebra 

Let Ob = End^ac S. Then B = Ob ®o f F is the division algebra over F with invariant 1/2, and 
Ob is its ring of integers. There is a right action of B x on ^# given by (J^, i) b = (J£", l ob) for 
b G -B x . Let Nb/f '■ B — > F be the reduced norm. Since 6: £ — >■ £ has F-height VF{N B /F(b)), we 
see that the action of b maps i SO morphically onto ^^f^b/fW) , 

3.4 Level structures 

For an algebra A € C with maximal ideal M and (jF, t) G ^#(A), a Drinfeld level n n structure 
on is an Oi?-module homomorphism 

0: (vr-"0 F /0 F )® 2 -> M 

for which the relation 

[] (A -</>(*)) [tt]^(A) 

holds in A[A]. The images under (f> of the standard basis elements (vr _ ™, 0) and (0,7r~ n ) of 
{tt^'/Of)® 2 form a Drinfeld basis of ^[7r n ]. 

Let ^ n denote the functor which assigns to each A G C the set of deformations t) of £ to 
A together with a Drinfeld level 7r™ structure on & over A. Of course ^ n = U^gz -^n , where 
classifies triples (/>) for which height F (t) = h. 

By |Dri74j . Prop. 4.3, the functor Ji^ is represented by a formal scheme Spf A{^ n \ where 
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A(ir n ) is finite, flat, and generically etale over A = Opluj. 

3.5 The limit problem, action of GL 2 (.F) 

The moduli problem has a right actin of GL^Of/^Of) given by (J^~, t, 4>) 9 = (J^, t, o 5). 
These actions coalesce into an "action" of G = GL^i* 1 ) on the projective system 

^ = lim ^ n . 

Let X be the system of rigid curves attached to the generic fiber of Let Cf be the 
completion of F sep : then a C^-point of X corresponds to a triple (JF, t, 0), where ^ is a formal 
0i?- m odule, l: #0 — ^ & ® k ac is a quasi-isogeny, and eft: F® 2 — > V(^) is a trivialization of the 
rational Tate module of ^ . From this point of view one has obvious actions of GL 2 (.F) and B x 
on X. 

Definition 3.1. The Lubin-Tate tower of curves is the projective system {X(ir n )} n ^, , where 

X(7r n ) is the rigid analytic curve attached to the generic fiber of . For an open subgroup 
K C GL 2 (Of), let X(K) = X(n n )/K for n large enough so that 1 + 7r n M 2 {0 F ) C K. 

Each X(7r") is a wide open curve over F nr . 

3.6 Connected components of X(-7r n ) 

Let LT be a one-dimensional formal 0F- m odule over 0F nr for which LT (g>fc ac has height one; this 
is unique up to isomorphism. Let Fq = F nr , and for n ^ 1, let F n = Fq (LT [ir n ] ) . Then by classical 
Lubin-Tate theory, F u /Fq is an abelian extension with group {Of /ir n OF) x , and Un>l^" ^ s ^ e 
completion of the maximal abelian extension of F. 

The geometrically connected components of X(-7r ra ) are defined over F n , and they are in 
bijection with primitive elements in the free rank 1 (0F / / 7rn C>F)- m odule LT[7r n ]. For the following 
theorem, we refer to Strauch [Str08bj: 

Theorem 3.2. For each n ^ 1, there exists a locally constant rigid analytic function 

A< n >: X(vr n ) ^ LT[yr n ] 

which surjects onto the subset of LT[7r ra ] which are primitive (i.e. not divisible byir). For a triple 
(g,b,r) S GL 2 (Of) x x Gal(F ac /F ), we have 

AWo(j,6,r) = [%,6,r)] L T(AW), 
where 5 is the homomorphism 

5: GL 2 (F) x B x xW F ^ F x 

(g,b,w) t-^detg x N B / F (b)~ l x (Art^ 1 ii>) 1 

and ArtF : -F x — > Wj^ 3 is the reciprocity map from iocai ciass field theory, normalized so that 
ArtF(Tr) is a geometric Frobenius element. The geometric fibers of are connected. 

3.7 Non-abelian Lubin-Tate theory 

Let 7r 1 — y LLC(7r) be the bijection between irreducible admissible representations of GL 2 (i ? ) 
(with C coefficients) and two-dimensional Frobenius-semisimple Weil-Deligne representations 

— 1 /2 

of F afforded by the local Langlands correspondence. Write H(tt) = LLC(-7r <S> |det| ' ); then 
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7r i — y "H(vr) is compatible under automorphisms of C; it may therefore be extended unambiguously 
to representations with coefficients in any algebraically closed field of characteristic zero. 
Let 

H c = Hi (X®p uv C F , Q^) , 
so that Hi admits an action of GL^-F) x B x x W F - 

Theorem 3.3. Let ir be an irreducible essentially square-integrable representation of GLa(i ?1 ), 
with coefficients in Q| c . 

(i) If tt is supercuspidal, then 

Uom GL2{F) (Hl,TT) * JL(tt) ®W(tt). 

(ii) If tt = St ®(x o det), where St is the Steinberg representation and x is a character of F x , 
then 

Hom GL2(F) ( J ff c 1 ,vr) JL(vr) ® (x" 1 o Art^ 1 ). 

3.8 Convenient models for formal modules 

Recall that £ is our fixed formal Op-module of height 2 over k &c . If char F = it seems difficult 
to give explicit power series for the structure of S, let alone for the structure of the universal 

* nr 

deformation j^ umv over Of fuj. However, suppose for the moment that charL 1 = p > 0, so 
that Of = kfrrj, where k is the field of q elements. A general rubric for producing a formal 
Op-module & (over an Op-algebra R, say) goes as follows: 

X = X + Y 

[CMX) = (X, C G fc 

2 

[7t]jf(X) = any /c-linear power series i(7r)X + aiX 9 + a2X q + . . . . 

Here i: Of — > -R is the structure homomorphism. 

In particular we find a model for the unique one-dimensional formal Oi?-module £ over A; ac 
of height 2: 

[tt] e (X) = X« 2 

We can also model the universal deformation of £ over A = O f t [u] : 

[vr^univ (X) = ttX + tiXi + X? 2 , 

sec [Str08aJ, Prop. 5.1.1 (specialization to the case n = 2). 

If charF = 0, Hazewinkel's theory of "typical formal modules" (|Haz78j) ensures that it is 
possible to choose a coordinate X on j^" umv for which the following congruences hold in «4[X]: 

{X) = uX q (mod vr,deg^ + 1) 
[tt] ^univ ( X) = X q2 (mod tt,u, degq 2 + 1). 

3.9 The boundary of the Lubin-Tate tower 

As one approaches the boundary {\u\ = 1} of the disc 3t(l), the corresponding formal Op-module 
scheme J?[ir n ] admits a canonical subgroup. If a Drinfeld level structure on ^\n n \ is given, this 
canonical subgroup can be pulled back to a line in (Op/7r n Op)® 2 , which is to say an element of 
P 1 {0 F /Tr n O F ). One can prove: 
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Proposition 3.4. The ends of X(ir n ) are in bijection with P 1 (Of/^Of) ■ Any semistable model 
for 3C(ir n ) has contractible dual graph. 

3.10 Some coordinates on the Lubin-Tate tower 

For each n ^ 1, let X^, G A(7T n ) be the Drinfeld basis for j^ rumv [7r n ] corresponding to the 
tautological Drinfeld level ir n level structure on j^ rumv [-7r n ] over j$ n . Then |xj n \ is a set 

of regular parameters for A(ir n ) |Dri74j . 

The group GL2(0f) acts on X(7r n ) on the left, so it acts on the right on A(ir n ). We write 
this action simply as M{X) for M € Gh 2 (OF), X € A(ir n ). In terms of the coordinates , 
the action works the following way: 

M (xf n) ) = a Xk ' 

M (^X^ ^ = [6]jTuniv ^-^1 ^ + ^"univ [c?] ^"univ ^-^2 ^ 

It will be tremendously useful to extend the definition of M ^X ? - n ^ to include arbitrary 
matrices M £ M 2 {F). If 7r m M = Jj e M 2 (0 F ), we define 

M (x[ n A XX ' 

(n) 

and similarly for X 2 . Of course the definition is independent of m. 

3.11 Canonical lifts 

Here we discuss the notion of canonical lift introduced by Gross in |Gro86| . 

Definition 3.5. A point x of X represented by a triple t, (f>) is a canonical lift if E = 
End ®o F i 7 is a separable quadratic extension field of F. 

We write X can for the set of canonical points of X, and 3L E C X can for the set of canonical 
lifts admitting endomorphisms by a particular (isomorphism class of) E. Then X E forms a single 
orbit under the action of GL^-F 1 ) x B x . Suppose ^e/E ut is a particular one-dimensional formal 
0E-module of ©^-height 1; then J^e is unique up to isomorphism by classical Lubin-Tate theory. 
The set of quasi-isogenies t: £ — > ^e ® k ac is in bijection with the set of embeddings E B. 
Similarly, the set of isomorphisms F® 2 — > V(JP) is in bijection with the set of embeddings 
E > M2(F). Given x G X s , let j x ,M 2 {F) an d be the corresponding embeddings of E into 
M 2 (F) and -B, and let j x = j x m 2 (f) x 3x,b'- E ^ M 2 (F) x B be the product. 

We write I? n for the field obtained from E nr by adjoining the 7r^-torsion in The action 
of Galois on ^e! 71 "™] gives an isomorphism from G&l(E n /E nr ) onto (Oe/tte@e) x ■ 

If a 6 i? x , then j x (ct) fixes the point x € X(7r n ). We will need the following approximation 
for the derivative of j x (a): 

Lemma 3.6. Let n ^ 0, and let x : F x — > (/c ac ) x be the character giving the action of j x (a) on 
the tangent space of x in X(-7r n ), taken modulo pE- Then x(F x ) = 1> an d 

(i) If E/F is unramihed and a £ O e , then x( a ) — ofl^ 1 (mod it). 

(ii) If E/F is ramihed, then x(O e ) = 1 and x( 7F -e) = ~~ 1 ^ or an y uniformizer tte- 



14 



On the stable reduction of modular curves 



Proof. Since 3t(7r n ) — > 3i(l) is etale, we may immediately reduce to the case that n = 0, where 
it is a straightforward calculation. □ 

3.12 The too-supersingular region 

Definition 3.7. The too-supersingular disc S> ts C X(l) is the disc 

If z = i) G X(l) then z belongs to @ ts if and only if ,^[tt] has no canonical subgroup. 

Now suppose E/F is the unramified extension. For any x = (j^,t,(/>) € X(tt°°) e with 
End^" = Oe, then certainly the image of x in 3t(l) lies in 3> ts . We define the affinoid 3z,o 
to be the preimage of & ts in 3C(tt). We extend this definition to all x 6 X s by the rule 

3^o = 3%c£(<?GL 2 (0 F )<r 1 ), 
all< ? = (< 7l) < 72 )eGL 2 (F)xB*. 

Proposition 3.8. The stabilizer of 3x,o in GL 2 (F) x 5 X is j x (E x )(GL 2 (0 F ) x 0*). 

Theorem 3.9. The afhnoid 3ie,o ias reduction equal to the nonsingular afhne curve with equation 
(YiYJ? — YiY^) 9 = 1. The action of GL 2 (C?f) on 3x,o is inflated from the action of GL 2 (/c) via 

f a a^j = ( a ^ 1 ^^ 2 )' ^ e ac * JOIi °^ JS inflated from the action of k E via 

a(Yi, Y2) = (ct~ 1 Yi, a -1 !^)- Finally the action of j x (n) on 3x,o is trivial. 

Proof. This is a specialization to the case of height 2 of Prop. 6.15 in [Yo slO] . □ 

3.13 The ramified circle 

Let rn(7r) = ( F ] and Ti (vr) = f ^ ^ P F V Note that is a well-defined coordi- 
nate on X(ri(7r)). 

Let .E/.F be a ramified quadratic extension. Suppose that x £ X(Ti(ir)) E is such that EndJ^" = 
0£, with Xi(x) belonging to JF[tte]. 

Definition 3.10. The ramified depth zero affinoid 3ic,o is the affinoid subdomain of X(ri(7r)) 
consisting of those points z = (J^, t, 4>) for which = 1/2 and for which X^\z) = 0(1, 0) 

belongs to the canonical subgroup of ^ z \n\. 



Proposition 3.11. 3x is isomorphic to a cirde. Its stabilizer in GL 2 (F) xB x is j a; (£' >< )(ro(vr) x 

o x B ). 

4. Bushnell-Kutzko types for GL 2 (F) and B x , and the Jacquet-Langlands 

correspondence 

In this section we review the constructions of Bushnell-Kutzko [BK93] regarding the classification 
of admissible representations of GL n (F) via "strata". A stratum is (more or less) a character of a 
certain compact subgroup of GL n (F); admissible representations may be distinguished according 
to which strata they contain. We borrow the notational conventions from §4 in the book [BH06J , 
which is well-suited to the study of supercuspidal representations of GL 2 (.F). There is a parallel 
study of strata for the quaternionic unit group B x , which we also review. Finally we present 
results from [WeilOj, wherein for each "simple" stratum S we construct a "linking orders" C C 
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M 2 (F) x B and a finite-dimensional character p$ of £ x . Loosely speaking, when p is induced 
up to GL 2 (F) x l? x , the result is a direct sum of representations of the form II <g) JL(II), where 
II ranges over those supercuspidal representations of GL2(F) which contain S. As S varies, one 
sees all of the wild supercuspidal representations II. This observation is going to be crucial in 
our construction of a semistable covering of the Lubin-Tate tower. 

4.1 Chain orders and strata 

A lattice chain is an F-stable family of lattices A = {Li], with each Lj C F © F an Op-lattice 
and Lj+i C Lj for all i £ Z. There is a unique integer e(A) € {1,2} for which 7rpLj = L i+e ^y 
Let 21a be the stabilizer in M 2 (F) of A. Up to conjugacy by Gh2{F) we have 

'M 2 (O f ), e A = l, 
={ (o F Op N 



eA 



Definition 4.1. A c/iam order in M 2 {F) is an Op-order 21 C M 2 (F) which is equal to 21a for 
some lattice chain A. We say 21 is unramified or ramified as e\ is 1 or 2, respectively. 

Suppose 21 is a chain order in M 2 (F); let be its Jacobson radical. Then *p = 7r2t if 21 is 

unramified and *C = f ^ F ^ F ] \ n the case that 2t = ( ® F ® F ) . We have a filtration of 2t x 

\Pf Pf/ \Pf °W 

by subgroups U% = 1 + *P n , n ^ 1. 

These constructions have obvious analogues in the quaternion algebra B: If 21 = Ob is the 
maximal order in B, then the Jacobson radical ^3 is the unique maximal two-sided ideal of 21, 
generated by a prime element ttb- We let t/^ = 1 + ty n . 

4.2 Characters and Bushnell-Kutzko types 

In the following discussion, if): F — > C x is a fixed additive character. We assume that ip is of level 
one, which means that i/j(Pf) is trivial but i/j(Of) is not. (The choice of level of ip is essentially 
arbitrary, but it has become customary to use characters of level one.) Write ipM 2 (F) f° r the 
(additive) character of M 2 (F) defined by ip M2 ( F )( x ) = ip(Trx). Similarly define ifis'- B — > C by 
^b(x) = jP(Tib/f(x)), where Tt b /f is the reduced trace. 

Now let A be either M 2 (F) or B. Let 21 C A be an Op-order which equals a chain order (if 
A = M 2 (F)) or the maximal order in B (if A = B). Let n ^ 1. We have a character ip a of U<% 
defined by 

u n /u n+1 -> c x 

1 + x \-> ip a (ax) 

If 7r is an admissible irreducible representation of Gh 2 (F), one may ask for which a is the char- 
acter ip contained in it\u n - This is the basis for the classification of representations by Bushnell- 
Kutzko types, c.f. |BK93j . 

Definition 4.2. A stratum in A is a triple of the form S = (21, n, a), where n ^ 1 and a E ty% a - 
Two strata (21, n, a) and (21, n,a') are equivalent if a = a' (mod ^p 1_n ). 

Definition 4.3. Let S = (21, n, a) be a stratum. 

(i) S is ramified simple ii E = F(a) is a ramified quadratic extension field of F, n is odd, and 
a G E has valuation exactly —n. 
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(ii) S is unramified simple if E = F(ot) is an unramified quadratic extension field of F, a £ E 
has valuation exactly —n, and the minimal polynomial of Tr n a over F is irreducible mod ir. 

(iii) S is simple if it is ramified simple or unramified simple. 

If S = (21, re, a) is a stratum in M2{F) (resp., B) and II is an admissible representation of 
GL2(i ? ) (resp., smooth representation of B x ), we say that II contains the stratum S if 7r|;y« 
contains the character ip a . 

We call II minimal if its conductor cannot be lowered by twisting by one-dimensional char- 
acters of F x . 

From [BH06 we have the following classification of supercuspidal representations of GL2(i ? ): 

Theorem 4.4. A minimal irreducible admissible representation II of GL2(-F) is supercuspidal if 
and only if one of the following holds: 

(i) II contains the trivial character of Uj^/ ^ (i.e. U has "depth zero"). 

(ii) II contains a simple stratum. 

The analogous statement for B is: 

Theorem 4.5. A minimal irreducible representation UofB x of dimension greater than 1 satisfies 
exactly one of the following properties: 

II contains the trivial character of\J^ B (i.e. II has "depth zero"). 
II contains a simple stratum. 

4.3 Linking Orders 

If a; € 3L E be represented by the triple (#£, i, (j)), let 21 = be the chain order which stabilizes 
the lattice chain {j x ,M 2 (F){p 1 E)} ■ The order 21 is normalized by E x , and E Pl2l = Oe- 

It will be helpful to make the following abbreviations: A\ = M2(F), A<i = B. %\ = 21, 
2I2 = Ob- Let re 1 be an integer subject to the constraint that n is odd if 21 is ramified. For 
i = 1,2, let Cj be the orthogonal complement of j x ,Ai(F) in with respect to the standard 
trace pairing. 

The linking order C n = L x . n is defined by 

C n =j x (0 E ) + (p E Xp E )+V\ 

where V n = V™ x V£ C 21 x Ob is a certain O^-submodule chosen to be large as possible subject 
to the constraint that Cs be closed under multiplication. The value of V™ is: 

Vf = PI(C i na i ), where 

[re/2j , i = 2 and i^/i 7 unramified 

L(n + l)/2j , all other cases. 

Let C S ,C° S C Cs be the O^-submodules 

C f n = j x (0 E ) + p E xp E + V n+1 . 
£° n = j x (p E ) + P E +1 xpl +1 +V n+1 . 

Then £° is a double-sided ideal of £5. The quotient L n j L° n is a fc^-module whose isomorphism 
class is described in [WeilOj, Prop. 4.3.4. 



rn 
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If E/F is unramified, then 





'fa b c\ 


Cn/C° n = < 
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a,b,cek E > (4.3.1) 



If E/F is ramified, then 









= < 


If ■ :) 


a, c £ fe j 









(4.3.2) 



Z 



In each case the center of {C n /C° n ) x is {C n /C° n ) x ] the quotient is abelian. 
Define a group K = fC n C GL 2 (F) x B x by 

K = j x {E x )C x . 

Similarly set K' = j x (E x )(C' n ) x . 

Assume that q is odd, and let Z/k &c be the nonsingular projective curve with affine equation 

\yi 2 -Y = Xi' +C > - Xi +1 , E/F unramified 
\Yi - Y = X 2 , E/F ramified 

Define an action of tC on Z by the conditions 

(i) The action of C x on Z is inflated from the action of (£5 x on Z given by the presentation 
of (C n /C° n ) x as a subgroup of PGL 3 (k E ) as in Eqs. (gjTT]) and (ftX2b . 

(ii) If S is unramified, then the action of A(tt) on Z is trivial. 

(iii) If S is ramified, then the action of A(E X ) on Z factors through A (E x /O e ), and A(vr)(X, F) = 
(X,-F). 

Then B X {Z, Qf ) ^ 5 p s decomposes as a direct sum of /C-modules P5, one for each equiv- 
alence class of simple stratum S of the form (21, n, a). The restriction of ps to U£ is a direct sum 
of the characters ift a from 

The following paraphrases Thm. 6.0.1 of [WeilOj: 

Theorem 4.6. Let H (resp., U') be a minimal supercuspidal representation of GL2(-F) (resp., a 
minimal representation of B x of dimension > 1). Assume that the central characters ofU and 
II' are contragredient to one another. The following are equivalent: 

(i) <iimHomjc(.ff 1 (Z,Qj),n®n / ) ^0. 

(ii) II contains a simple stratum of the form (21, n, f3), and Ii' = JL(II). 

4.4 Characters with values in a 7r-divisible group, and their "splitting" by functions 
on the Lubin-Tate tower 

We adapt the machinery of strata to the scenario of the Lubin-Tate tower X(7r n ). We have the 
formal Op-module LT over O p r of height 1 and its associated family LT[7r™] of finite group 
schemes. For each r 1 we have a section A^ r ) of LT[7r r ] over X(ir n ), and these are compatible 
in the sense that [7r] LT (A( r+1 )) = AM. We can define a character ip of F/pp along the lines of 
121 with values not in C x but rather in the divisible Op-module 

LT[7T 0O ](X(7r 00 )) := limLT[7r n ](£(7r n )). 
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An element of LT[7r 00 ](X(7r 00 )) can be considered as an Foo-valued locally constant function on 
X(7r°°) which happens to take values in the set of 7r-power division points of LT. If a £ F, so 
that b = TT n a G Of for some n ^ 0, write ifi(a) = [b]irr(^ n+1 ^)- Clearly the definition of ip does 
not depend on n. We also define Vm 2 (f) : M 2 (F) -> LT[7r 00 ](X(7r 00 )) by i/; A (M) = ^(Tr M). 

Let x G X E be a canonical lift, and let 21 = 21^. If S = (21, n, jx,M 2 (F)( a )) 1S a stratum, we 
may define a character ifi a : USt — >• LT[7r](3£(7r°°)) exactly as in £ )4.2l Similarly, write n' to be the 
integer 2n (resp., n) as E/F is unramified (resp., ramified). Then S' = (Ob,™ 1 ', jx,B(ct)) is a 
stratum in B and we have the character 4>' s : U% -> LT[7r 00 ](je(7r 00 )). 

Theorem 4.7. Assume either F = Q p with p odd, or else that F has positive odd characteristic. 
Let S = (21, n, a) be a stratum in M 2 (F). There exists an integral analytic function W a on 
3L{U n+1 )% with the following properties: 

(i) For all g£U£: 

g(W a ) -lt W a = Md) 

(ii) For all b £ U%, the congruence 

b(W a ) — lt W a = -V4(<7) (mod ^/ 2 ) 
is valid on the ring of integral analytic functions on the inverse image of 3x,o m %(U n+1 ). 

Condition (1) means that ip a is "split" by Ws, in the sense that the image of tp a in 
^ 1 (C/ n ,LT[vr](X(?7 ri+1 ))) -> ff x (C/ n , „4(C/ n+1 )) 
is zero, and that ip a is the image of W a under the boundary map. 

4.5 Proof of Thm. 14. 7\ case of equal characteristic 

Suppose F = F q ((n)) has characteristic p; we will construct the coordinate Ws required by 
Thm. 14.71 manually using the model of j£" umv appearing in §3 .81 
Here we select a model of LT which satisfies 

X+ LT Y = X + Y 
[a] LT (X) = aX, a G k 
[vr] LT (X)=7rX-X". 

Define the determinant form 

rtX,Y)=det(* q y q Y (4.5.1) 

A simple calculation shows that /x: ,^ umv [ir] x J£" umv [7r] — > LT[7r] identifies the top exterior 
power of j£" umv [7r] with LT[7r]. A concrete realization of the function A = A^ 1 ) from £ 13.61 is 
therefore provided by A = ll{X^\x^)- (For a more general construction of A^ n ) for formal 
Oi?-modules of arbitrary height, see [Weib] . Thm. 3.2.) 

Let us abbreviate X { = xf~\ i = 1,2. Note that, for M G M 2 (O f ), we have 

li(M(X 1 ),X 2 ) + n{X 1 ,M(X 2 )) = [TrM] LT (A). (4.5.2) 
Excluding the case of x ramified and n = 1, we take our coordinate W a to be 

W a = li (apd), X 2 ) + fi (X 1 ,a(X 2 )) , 
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where we recall the meaning of ot(X{) for non-integral a from ^3. 101 Then part (1) of Thm. 14.71 
follows directly from Eq. (j4"lT2|) : If g = 1 + M G U£, then 

g{W a ) - W a = f i(Ma(X 1 ),X 2 ) +ix{X ll Ma{X 2 )) = [TrMa] LT (A) = ^ a {g). 

(The assumption about x was necessary to ensure that M G itM2(Of), which implies that 
g(Xi) = Xi.) 

As for part (2): let w G Oe 1 denote an element of valuation q/(q + 1) (resp., 1/2) as x 
is unramified (resp., ramified). Over the domain 3s, o> J^" umv (O^/w) is isomorphic to & x (g> 
(Oex/iz), where & x is the formal Op-module corresponding to x; by the main theorem of [Gro86 
we have End(^ univ <8> {0 Ei /vj) = <D B - For G B , write \fi\(X) G (O e J™) for the power series 
that realizes the endomorphism of j^" umv ® (Opj/ro) corresponding to /?. By Thm. 13.21 we have 
/i([/3](Xi), [/3](X 2 )) = [-/V b /p(6)- 1 ]lt(A) whenever /3 lies in 0^; one can deduce from this that 

H{\P]{X 1 ),X 2 ) + H{X U [P\(X 2 )) = [N B/F (l + b) - 1] LT (A) = [Tr B/F (6)] LT (A) (mod w). 

This immediately gives part (2) of the theorem. 

Now suppose x is ramified and n = 1. Then if 5 € J7 , one has g(Ai) = X\, but g{X2) = 
X 2 + aXi for some a G fc. The appropriate coordinate is 

W a = M (a(Xx),X 2 ) + M (Xi, a(X 2 )) + ^ (X 2 , a(X 2 )) . 
4.6 Proof of Thm. S7T1 case of F = Q p 

Take n = p. Choose a supersingular elliptic curve A/Fp C . We exploit the point of view that for a 
complete local Zp r -algebra R with residue field Fp C , X(p n )(R) is the set of triples (E, l, (f>), where 
E/R is an elliptic curve and l G Hom(j4,.E <S> Fp C ) ® Z p is not divisible by p (which is to say, 
1 induces a homomorphism on the level of formal groups). Let (£" umv , t nmv , <j> n ) be the universal 
triple over X(p n ). From this perspective the coordinates xf 1 ^ are sections of £ umv [p n ] over X(7r n ). 

Assume LT = G m is the multiplicative group, and that A*™) : £(ir n ) — > G m \p n ] is the usual 
Weil pairing. Then part (1) of the theorem translates to the condition g(W a )/W a = ipa(g) fo r 
g G U n . We construct an analogue of the determinant form in Eq. (|4.5.ip as follows. Suppose 
P is a section of £ umv [p], and Q is a section of £ nmv \p m ] for some m 1. Choose an arbitrary 
section x of £ umv which does not pass anywhere through £ muv [p m ]. The divisor [p]*(P) — [p]*(0) 
is principal; let g: £ nmv -4- P 1 have divg = [p]*(P) — \p]*(0). Then define 

If Q' is a section of £ umv [p], then fi(P, Q') = A(P, Q') is the Weil pairing, and in fact 

rtP,q + g)- gfe±g±g 

= g(x + Q + QQg(x + Q) 

g{x + Q) fii(x) 
= A(P,Q')fi(P,Q). 

If we are outside the case of x ramified and n = 1, then the coordinate 

/i(a(A 1 ),A 2 ) 



M(a(X 2 ),Xi) 
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satisfies the conditions of the theorem, just as in the previous section. If x is ramified and n = 1 
then we put 



W a 



^(a{X l ),X 2 ) 
fi{a(X 2 ),X 1 [ 



■ exp 



log £ (X 2 ) 
logf(*i) 



u.(X 2 ,a(X 2 )) 



where log^ : £ v 



G a is the formal logarithm and exp : G a — > G m is the usual exponential. 



5. Construction of affinoids with good reduction 
5.1 Generalities on good affinoids of higher genus 

The following lemma, due to Robert Coleman, shows that an affinoid subdomain Z of a wide 
open curve U whose reduction is a nonsingular curve of high genus must (up to removal of 
finitely many discs) show up as the underlying affinoid of one of the wide open subspaces of any 
semistable covering of U. 

A Zariski subaffinoid of Z is the inverse image of a Zariski open subset Z° C Z under the 
reduction map Z — > Z. 

Proposition 5.1. Let U be a wide open curve over a complete DVR with algebraically closed 
residue field, and let Z C U be an affinoid. Assume that Z is a smooth connected curve whose 
projective closure Z° has positive genus. Suppose {Ui} ieI is a locally finite semistable covering 
ofU, with Zi an underlying affinoid in Ui. Then there exists i £ / for which a Zariski subaffinoid 
of Z is contained in Zi. 

Proof. We assert there exists i such that Ui meets Z but for which Z n Ui is not contained 
in a union of finitely many residue classes of Z. For otherwise we have that for all i £ I, the 
intersection Z n Ui is contained in a (possibly empty) finite union Wj e j z Rij of residue discs R, L j 
of Z. Since the covering is locally finite, Rij is nonempty for only finitely many i. But then the 
Rij constitute a finite collection of residue discs which cover Z, contradiction. 

Therefore there exists i for which Z DUi ^ is not contained in a finite union of residue 
classes of Z. We may write Ui = {x G U: |/j(ar)| < 1 and |<7fc(x)| > 1} for a finite collection of 
functions fj, Qk on U. For each j, we must have ||/j(a;)|| z < 1, for otherwise the subset of Z on 
which |/j(^)| < 1 is a finite union of residue classes containing Z n Ui, which we have excluded. 

By the above argument, we have that Z\Ui = {x € Z : \gk(z)\ ^ 1} so that Z\Ui is a finite 
set of points. Therefore Ui contains a Zariski affinoid Z° C Z, namely the complement in Z of 
red- 1 (Z\Ui). 

We claim that Z° is a Zariski subaffinoid of the minimal underlying affinoid V of Ui . Here we 
apply the assertion that the reduction of Z has positive genus. Certainly Z° n V ^ 0, because 
the complement of V in Ui is a union of annuli and Z° cannot be contained in an annulus. Nor 
could Z° be contained in a residue disc of V. Thus Z°\V is a finite union of open discs contained 
in U\V, which is in turn a disjoint union of annuli: Since each such disc is connected to Z° n V, 
we conclude in fact that Z°\V = 0. Thus Z° is a Zariski subaffinoid of V as required. □ 

Corollary 5.2. Suppose U is a wide open curve admitting a semistable covering whose dual 

— cl 

graph is contractible. Let Z C U be an affinoid for which Z is a nonsingular curve of positive 
genus. Then the restriction map 

H l c {U, Q e ) -> H l c (Z, Qt) H l (Z c \ Q e ) 

is a surjection. 
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Proof. Follows immediately from Prop. 12.71 and Prop. l5"TT1 □ 
5.2 The affinoids 3x,n? n ^ 1 

Define subgroups K X}n ,K' xn C 2l x by K x>n = K x>n n GL 2 (F) and if£ n = /C^ n n GL 2 (F). 
Similarly, define subgroups K^ n , (K^ n )' C 0% by If^ n = /C x>n n 5 X and (K^ n )' = K! xn n B x . 
The character ^ Q of §4.41 is well-defined on K xn and on (K xn )'. Assume that we are in the 
setting of Thm. 14. 7\ so that for each a € p E n we may select a function W a on X(C/ n+1 ) which 
splits ip a . Then W a is well-defined on K X:n+ \. 

We define a family of affinoids 3x,n for n 1 recursively as follows: 

Definition 5.3. Suppose n 1. The affinoid 3z,n C 3t(K Xin +i) consists of those z for which 

(i) The image of z under X(K x>n ) — > X(K Xin -i) lies in the residue disc of x in 3a;,n- 

(ii) For all a E E for which ve{cx) = —n, we have |W a (z) — lt W a (a;)| ^ = |7r| 1 ^ £, ~ 1 - > . 

It is not a priori clear that 3z,n is well-defined, because "the residue disc of x" does not make 
sense if 3x,n-i is not an affinoid. This will be established in part (i) of the next theorem. If / is 
a rigid analytic function on X(K), K' C K is a subgroup, and 3 C X(K') is an affinoid, then by 
H/H3 we mean the (Gauss) norm of / on the preimage of 3 in 3£(K'). 

Theorem 5.4. Let n > 1. 

(i) Ifa&E has ve(o) = —n, then \\W a -lt WaOzOI^ _j > 

(ii) The stabilizer of^x,n in GL 2 (F) x B x is /C Xj „. 

(iii) If E/F is unramihed, 3z,n has good reduction isomorphic to the nonsingular affine curve 
over /c ac with equation 

Y q2 —Y = X q2+q — X q+1 

(iv) If E/F is ramified and ti is even, ^Jx,n has reduction isomorphic to the nonsingular affine 
curve over /c ac with equation 

Y q — Y = X 2 . 

(v) If E/F is ramified and n is odd, 3x,n has reduction isomorphic to a disjoint union of copies 
of the affine line. 

(vi) TJie action of K, x>n on ~*> x<n factors through the action of )C X)n /)C x>n +i as described in N4.31 

Proof. Throughout the proof, n ^ 1 will be fixed, and if n ^ 2, then parts (i)-(vi) will be assumed 
true for n — 1. 

For part ®: Assume there exists a G E of valuation — n with \\W a — W a (x)\\£ ^ |A(x)|. 
Let K = K' x n r\Tp a , so that W a is well defined on X(K). Let 3 if be the inverse image of 3x,n-i 
in X{K). Then 3jf — > "bxn—i is an Artin-Schreier cover with equation Y q — Y = /, for some 
/ in the affine coordinate ring of *5 xn —\. Here the coordinate Y on 3ic is the reduction of the 
coordinate 

on 3k; this is integral by hypothesis. The action of K' xn on 3x is the Artin-Schrier action; we 
have K Xjn /K> <* Gal(5jr/5*, n -i). 

Since the group K x n _ x stabilizes 3x,n-ij it stabilizes 3x as well. The subgroup (K x n )' acts as 
the identity on 3z,n and acts on 3x through the Artin-Schreier action. If n is odd, then (K xn )' C 
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K x , and the latter group K xn acts trivially on 3 x ,n-i by the inductive hypothesis. Therefore 
the Artin-Schrier action (K xn )' — > Gal(3x/3x,n-i) ~ F p extends to K xn ; this is impossible by 
inspection. On the other hand suppose n is even. Let H be the kernel of K xn _ x — > Aut3^; 
then H C K^ n _ _l is a normal subgroup for which H n (K x n )' — K; this too is impossible by 
inspection. 

We now explain why part ([!]) shows that the region 3:r, n of Defn. 15.31 is an affinoid. Let 3a: n 
denote the affinoid subdomain of the inverse image of 3s,n-i i n %(Kx,n) defined by the conditions 
|Wq,(z) — lt Wa(x)| ^ | A (a;) | for all a with ve{o) = —n. Then certainly x has image in X(K Xj7l+ i) 
belonging to 3z,n- Part (P and the maximum modulus principle imply that the image of 3x,n in 
3x,n is contained in the union of finitely many residue discs. Now we see that 3x,n really is an 
affinoid: it is merely the union of those connected components of 3x,n 

whose image in 3x,n-i he 

in the residue disc of x. 

We turn to the remaining parts of the theorem. By the inductive hypothesis, the stabilizer of 
3x,n-i is /Ca;,n-i (when n = 1 this is Prop. I3.8p . Within K XjTl -i, the stabilizer of the image of x 
in 3x,n-i is /Cx,n- Let /C be the stabilizer of 3x,n, so that /C C JC xn . On the other hand, from the 
defining property of the variables Ws, we have K! x n C /C. Let Y a be the coordinate defined in 
Eq. ([En]). For g G U n , let ~$ a (g) be the image of ip a (g)/A(x) in k ac , so that g(Y a ) = Y a +lp a (g). 
Similarly, b(Y a ) = Y a + ip a (b) for b £ U E . The association a \— > Y a is a A;-linear map from 
pg n /pg n+1 to the coordinate ring of 3x,n- Our analysis proceeds case by case. 

Case (1): E/F is unramified, and n is odd. Then K' xn = K x>n . The image of ~h x .n in 3x,n-i 
is a disc containing x: let X be a coordinate on this disc centered around x, so that \\X\\> = 1 
and = 0. Passing to 3z,n> we have that Y& — Y a = f a (X) for some f a (X) £ k ac [X] with no 

constant term. In fact 3x,n is defined by the system of Artin-Schreier equations Y& —Y a = f a (X) 
as a ranges through a /c-basis for p^ n /p]^ n ; in particular 3x,«, is nonsingular. 

Let C £ O e be a primitive root of unity of order q 2 — 1. The element j x (C) induces an 
automorphism [£] on 3x,n; we have by Prop. I3U1 that [C](A) = C 9 ~ 1 X. The difference [C](^a) — Y a 
is invariant under the action of 1 + p E , so that [C](^a) —Ya = h for some polynomial h a {X); 
since C has order (q 2 - 1) we must have h(X) + h^^X) + ■■■ + h(C, [q ~ 1)(q2 ~ 2) X) = 0, which 
shows that h cannot have any terms of degree divisible by q + 1. This means exactly that there 
exists r(X) for which h{X) = r(( q ~ 1 X) — r(X). Then Y a — r(X) is invariant under [£]. We will 
rename this new variable Y a ; it still has the property that g(Y a ) = Y a + ip a (g) for g E U n . 

Recall that Ya — Y a is a polynomial in X; this polynomial must be invariant under [£], which 

is to say that Y& — Y a = g a (X q+1 ) for some polynomial g a . There must exist a € p E n with 

g a / 0; otherwise we would have \\W a — W a (x)\\^ n < 1 for all such a. These considerations 
c i 

show that 3a; n is a (possibly disconnected) nonsingular projective curve of positive genus. Thus 
^ 1 (3xn>Q£°) 7^ 0. A calculation with the Lefschetz fixed-point formula shows the K! x n -module 
H 1 (3 x ,n,Q ! £ C ) contains (the ^-adic version of) ip a if and only if g a ^ 0, in which case it must 
appear with multiplicity at least q. 

By Cor.EH H\{X, Qt) surjects onto Ind£ L2(F)xBX H l {^ x \ n , Q e ). This shows that H l (^ x \ n , Qf ) 
may contain only those ip a for which (A, n, a) is simple. For each simple stratum (21, n, a), there is 
a unique q-dimensional character ps of JC x>n lying above ip a . The /C^^-module Ind^' n ^T 1 (3^ n , Q^ c ) 
must decompose as a sum over ps with multiplicity one. The only possibility is fC = fC x ,n, and 
H (3x,n! QT) = ©5 PSi where 5 runs over simple strata of the form (21, n, a). 

We are now in a position to derive an equation for 3a; n- We must have degg Q = 1 for each 
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a with (21, n, a) simple, and g a = whenever 7r n a belongs to k. After rescaling X we have 
9ir~ n C = (C 9 ~~ ()X q+1 . Let {(, C 9 } be a basis for kE/k, and let (3 6 fee be an element satisfying 

/3C + /3 9 C 9 = 1 (5-2.2) 

+ ^ = o. (5.2.3) 

Define a coordinate W on 3z,n by 

Then W q2 —W = X q2+q — X q+1 furnishes a single equation for 3 



'x,n- 



Case (2): E/F is unramified, and n is even. Then K' xn C K x>n . Let 3^ n be the image of 
3x, n in 3L{K' X n ). We claim that 3^ n i s a disjoint union of discs. Let {Wi} be a ^^-equivariant 
covering of X(K x ^ n+ i). Refine {Wi} so that whenever Z, is an underlying affinoid of Wi which 
meets 3x,n, we have Zj C "5 x ,n- Let Z 4 ' be the image of Zj in 3^ n - By the same reasoning as in 
case (1), Zj — > Z i is an Artin-Schreier cover. Suppose /Q is the stabilizer of Zf, then /Q contains 
K' x n . As a A^ n -module we have 

[H*(zf, Q e )} = x Nf) Qe[K'/K x , n+1 ] + [V], 



where V is a K' x ^A^^i-module which does not contain the trivial character. The mod- 
ule H 1 (zf,Qi) cannot contain the trivial character of K' xn /K X)n +i, for this would result in 
non-supercuspidal representations of GL2(i ? ) appearing in H^(X, Q^ c ); one quickly sees that 

H X (Z^ ,Q t ) = and that Z j is an open subset of the affine line. Each Zj is therefore a disc 
with (possibly) finitely many open discs removed. Since Z' x n is covered by wide opens Wi whose 
underlying affinoids are these Zj, it must be that Z' x n is a disjoint union of discs. 

Let 3" n be the connected component of 3^ n which contains x. Let AT be a normalized 
coordinate on 3^ n , so that A(x) = and H-X^// = 1. Then as in the previous paragraph, 

Y 9 — Y a = g(X q+l ) on 3" n - O ne now argues exactly as in the previous paragraph: the stabilizer 
of y, x n must be JC X;Tl , which shows that in fact y x n = "i" xn is a single disc. 

Case (3): x is ramified and n is odd. Then K! xn = JC x>n , which already establishes part [nl 
This time the action of j x (E x ) on the tangent space of x is through a character of order 2, so 
that the equation for the reduction of 3x,n takes the form Y q — Y = g(X 2 ), where Y = Y a and 

a is any element of E with ve{ol) = —n. This ensures that i? 1 (3f n ,Qf) contains tps f° r each 
simple S = (%l x , n, a) with multiplicity at least one. In fact the multiplicity must be exactly one, 
since by Cor. O we have that £T*(£,Qf) surjects onto lnd^ F)xBX ^^MT)- Thus the 
genus of ~Z^ xn is (q — l)/2, which forces the equation of Z x>n to be Y q — Y = X 2 . 

Case (4): x is ramified and n is even. The argument of case (ii) can be mimicked to show 
that the image of 3a;, n in %(K' X n) ^ s a disc. This time, if ve(ol) = —n then (%l x ,n,a) is never a 

simple stratum, so there cannot be any ip a appearing in H l (Z xn , Q^ ): it follows that Z xn is a 
disc. □ 
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6. A semistable covering of the Lubin-Tate tower 

6.1 A dendritic nitration of GL 2 (F) 

We use canonical lifts to define a dendritic filtration of the group GLi2(-F), as in Defn. 12.91 This 
requires a GL^i^-equivariant cycle-free graph T. For the vertex set of T, we take equivalence 
classes of pairs (x,n), where x £ X(7r°°) can and n ^ 0. Two pairs v = (x,n) and w = (y,n) shall 
be equivalent if one of the following conditions holds: 

(i) n = 0, and % x = %l y . 

(ii) n > 0, and there exists g £ C x n for which x = y 9 . 

(This relation is indeed symmetric.) An edge in V points from v = (x, n) to w = (y, m) under 
one of the following circumstances: 

(i) m = n = 0, x is unramified, y is ramified, and 2t y C 2t x . 

(ii) (y,m) is equivalent to {x,n + 1). 

Then T admits an action of GL2(-F) x B x , wherein the stabilizer of v = (x,n) is fC Xjn . 
J£v = (x, n), we define K v = K Xjn+1 and 3« = 3x,n- 

6.2 The 3« account for all the cohomology 

Let 

H ls = (J) Ind ^nSL 2 (F) ReS ^nSL 2 (F) ^Ox.ni Qf°)- 

v 

The sum ranges over vertices v of the graph T. Then admits an action of the subgroup of 
GL2(F)xB x consisting of those pairs (g,b) with |detg| = | N B / F (b) | . Write for the induction 
of H^up to GL 2 (F) x B x . 

Suppose IT (resp., IT) is an admissible irreducible representation of GL^i 7 ) (resp., a smooth 
irreducible representation of B x ). By Thm. B~6l the following are equivalent: 

(i) II ® LI' is contained in Hhf. 

(ii) IT is supercuspidal and LT = JL(fl). 

Let H\ be the compactly supported cohomology of the Lubin-Tate tower of curves, as in §3.71 
Let i^cusp be the maximal supercuspidal quotient of H^.. By Thm. 13.31 we have the following 

Proposition 6.1. TJiere exists a surjection of GL 2 {F) x B x -modules H\ s ^t H\ nsp . 

We will use Prop. [oTTI to show: 

Proposition 6.2. Suppose K C K v is a compact open subgroup. There exists a Zariski subafE- 
noid 3£ C 3-u whose inverse image in X(K) is a disjoint union of connected components LL3i;,i; 

— cl — cl 

eacii of which has nonsingular reduction. Furthermore, the morphism $ v j — > j v is purely insep- 
arable for each i. 

Proof. Suppose v = (x,n). It suffices to prove the Proposition for all K of the form K = U m = 
Uf£ , where m is sufficiently large. Note that U m is normal in K v , so that X{U m ) admits an 
action of K v . 

Let (j> m : X(U m ) — > X(K V ) be the quotient morphism. Using the main result of [Col03| . produce 
a i^-equivariant semistable covering {Wj}^ eJ of 3L(U m ). Then {4> m (Wj)} j^K \J * s a semistable 
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covering of %{K V ). By Lemma 15.11 there exists j £ J for which a Zariski subaffinoid 3£ C 3*u is 
contained in an underlying affinoid of <p(Wj). The preimage ^rni^v) c ^(t^" 1 ) is a disjoint union 
of underlying amnoids of W%, where i runs through the coset K v j C J. We will show that the 
reduction of the quotient morphism (3£) — » 3£ is purely inseparable when restricted to each 
connected component. 

Choose a connected component ^ v (m) C (3£)> and let if m be the stabilizer of "5 v (m) 
in if,,- The connected components of X(U m ) are a principal homogeneous space for the group 
Op j det U m ; this implies that det H m C det U m . The quotient of "5 v (m) by i7 m is 3d, so we have 

an injection of Q^[ff m ]-modules Res^" if 1 (3^ 1 ,Q^) > H* ($ v (m) cl , Qi), which in turn induces 
an injection of Q£[-ftT„]-modules 

Ind£ Resf ^ H 1 ^ 1 , Qi) ^ H\<t>^\X) C \ Qt) (6-2.1) 
On the other hand since det H m C U m we have an injection of Q^fi^-modules 

Ind £ndet- 1( det^) ReS £-(det^) <W ^ ^(S. Q*) (6-2.2) 

Since (3£) is a disjoint union of underlying amnoids of wide opens appearing in a semistable 
covering of X(U m ), Prop. [2771 shows we have a surjection of Q4-fT]-modules 

We repeat this procedure for larger m, and choose the connected components "5 v (m) in a 
compatible manner, so that H m+ i C H m ; let H = C\ m H m C K v n SL2(-F). Take direct limits 
along m, and then direct sums over vertices v, to arrive at a GL^-F) x £> x -equivariant injection 

His ^ 0HmtfW(3S) Cl ,Q£) 

« m 

and a GL2(F) x i? x -equivariant surjection 

Comparing with Prop. 16.11 shows that both maps are isomorphisms, as are the maps in 
Eqs. (IHTO) and ([SZZD - It follows that for each m, H m = K V C\ det" 1 (det C/ m ). We also find that 
the quotient morphism 3 v (m) — > 3 V induces an isomorphism H 1 {^) v ,Ql() — > H 1 (3 v ('m) cl ,Qe), 
which shows that '3 v (m) cl — > (3t,) cl is purely inseparable as required. □ 

6.3 Definition of the wide opens 

For each vertex v of T we define a wide open W v C X{K V ) as follows. 

If v = (x,0) and x is unramified: without loss of generality suppose that 2l x = M2(Of), so 
that X{K V ) = X(tt). Let 

W w = <M 1 / a }\|Jred- 1 (y), 

where y runs over unramified canonical points lying in 3z,o and red : 3x,o — ► 3x,o is the reduction 
map. 
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(Qp Op\ 
q ) ■ Let 

W v = {|7r| 1/(9+1) < \u(z)\ < 1^ |g/Cg+i) } \ (J red- 1 ^) , 

y 

where y runs over ramified canonical points lying in 3a;, o and red : 3x,o — > 3x,o is the reduction 
map. (These all have \u(y)\ = | vr | 1//2 ) . 

If v = (x,n) with n ^ 1: Let red n _i : 3a;,n-i — * 3x,n-i be the reduction map, and similarly 
for red n+ i. Let 

w v = r x {^n-l^))\[j^\v\ 

y 

where eft: X(K Xtn+ i) — > X(K XtU ) is the projection, and y runs over canonical points in 3x,n- 
Now suppose e : v — > w is an edge of T. We define wide opens W v>e as follows: 
If v = (x, 0) and w = (y, 0), where x is ramified and y is unramified and % x C 2l y = M2(Of): 

Let 

U w , e = {k| 1/2 < |«(Z)| < \TT\^ + V] C 

and let U V;e be the image of U w>e under X(K W ) — > X(K V ). 

If v = (x, n) and w = (x, n + 1), let <p = <p e : X(K W ) — > X(K V ) be the projection, let 

U w>e = (f)^ 1 (red^ 1 (ac)) \3™, 

and let U v>e = <f>(U w>e ). 

By construction we have 

e 

where e runs over all edges incident to v. 

Lemma 6.3. Condition (SC4) holds for the family {W v } and {U v>e } as a covering for X(tt°°)\X(tv°°) 
That is, for any y € X(ir°°) which is not a canonical lift, exactly one of the following holds: 

(i) There exists a unique vertex v such that the image of y in X(K V ) lies in 3u- 

(ii) There exists a unique edge e: v — > w such that the image of y in X(K V ) lies in U v>e . 

Proof. The region ||u(z)| ^ is a "fundamental domain" in X(7r°°), see |Far08| : after 

1 /2 

replacing the point y with a GL2(i ? )-translate, we may assume that ?S | vr | , and it 

is clear that the 3u and U V)e cover this region, where v ranges over those vertices (x, n) with 
2l x C M2{Of). The uniqueness statement is also clear from the construction. □ 

Lemma 6.4. For each pair of vertices v <w, and every edge e incident to w, the inverse image 
^v,w(Uv,e) J s a disjoint union of open annuli. 

Proof. S inc6 th.6 affinoids 3cc n 

already account for all of the cuspidal part of H^(X(tt°°), Qe), 
the connected component of each U Vje must be isomorphic to P 1 minus a disjoint union of closed 
discs, one for each end. By construction, each connected component of U v>e has two ends. A 
similar argument applies to - J,(i7 V)e ). □ 

Prop. 16.21 and Lemmas 16.31 and 16.41 together imply: 

Theorem 6.5. The data {W v } , {W"„ je } constitute a coherent semistahle covering of X(7r 00 )\X(7r 0C ) 
with respect to T. 
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6.4 The stable reduction of the tower of Lubin-Tate curves: Figures 

In Figures 1-3, we draw the graph T corresponding to the dentritic filtration of GL^^F) con- 
structed in §6,11 Each vertex v is labeled with a nonsingular projective curve Z v f k ac appearing 
on the list of four curves in Thm. 11.11 The graph V admits an action of the triple product group 
GL 2 (-F) x B x Wf- If v is any vertex, let H v C GL 2 (F) x B x x Wf be its stabilizer; then H v 
acts on Z v . Write Z for the disjoint union of all the Z v . Then Z realizes the local Langlands 
correspondence in the following sense: whenever II is an irreducible admissible representation of 
GL^-F), and II' and a are irreducible representations of B x and Wf, respectively, then 

Horn (n ® II' ® a, H 1 (Z, Qf )) ^ 

if and only if II is supercuspidal, II' = JL(II), and a = H(tt). 

We sketch a procedure for calculating the dual graph corresponding to the special fiber of a 
stable model of the classical modular curve X n = X(T(p n ) n F\(N)). First one must calculate 
the quotient K n \T, where K n = 1 +p n M2(Z p ) is the principal congruence subgroup. The image 
of a vertex v in the quotient is labeled with the nonsingular projective curve constructed by 
quotienting Z v by H v n K n . For almost every v, the quotient is rational. The quotient graph 
K n \T has finitely many ends, and each end is (once one goes far enough) a ray consisting only 
of rational components. Erase all rational components lying on an end which corresponds to a 
canonical lift. The remaining ends correspond to the boundary of X{p n ); these are in bijection 
with P 1 (Z/p ra Z). For each b £ P 1 (Z/p n Z), erase all rational components lying on the end 
corresponding to 6, and let Vb be the unique non-rational vertex which is adjacent to one of the 
vertices just erased. Call the resulting graph T n . 

Let Ig(p n ) denote the nonsingular projective model of the Igusa curve parameterizing ellip- 
tic curves over Fp C together with Igusa p n structures together with a point of order N. Draw 
P 1 (Z/p n Z) many vertices Wb, and label each with Ig(p n ). For each b E P 1 (Z/p n Z), attach 
#Xi(N)(F p ) ss copies of T n to Wb in such a way that the vertex Wb is adjacent to each vj,. Finally, 
blow down any superfluous rational components. The result is a finite graph representing the 
special fiber of a stable model of X n . 
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Figure 1. The "depth zero" subgraph of T, consisting of the vertices v = (x,0). The blue 
vertices are unramified. Each represents a copy of the nonsingular projective curve with affine 
model xy q — x q y = 1. The stabilizer of any particular blue vertex in GL2(i ? ) is conjugate to 
SL2(0f). The black vertices are ramified. Each represents a rational component. The stabilizer 
of any black vertex in SL^-F) is conjugate to an Iwahori subgroup. 



Ei E2 




Figure 2. Here the depth zero subgraph of T is shown with several wild vertices to reveal struc- 
ture. The green vertices are unramified; each represents a copy of the nonsingular (disconnected) 
projective curve with affine model y q + y = x q+1 . The red vertices are ramified; each represents 
a copy of the nonsingular projective curve with affine model y q — y = x 2 . The wild vertices (x, n) 
labeled with an Ei are those for which x belongs to X Ei . Here Eq, E\,E?, are the three quadratic 
extensions of F, with Eq/F unramified. 



29 



Jared Weinstein 



X 




Figure 3. Dual graph of the reduction of the tower of Lubin-Tate curves: complete picture. 
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